In this paper we prove the existence of a positive definite kernel for every pair of positive definite equivelent kernels such that they satisfy a similar relation to the condition of biorthogonal systems. We show a similar result to the dual relation given for biorthogonal Riesz basis. Some applications to approximately weakly stationary stochastic processes are given.
Introduction
Positive definite kernels play an important role in many results of analysis and probability theory where they appear naturally. In this paper we will use a characterization of the equivalent kernels given in [1] . We prove the existence of a positive definite kernel for every pair of positive definite equivalent kernels such that they satisfy a similar relation to the condition of biorthogonal systems (see proposition 3.1). We also use a result of positive operators in Hilbert space, see [2, Theorem 4.6 .11], to show that these kernels satisfy a relation similar to the dual relation for the case of biorthogonal Riesz basis (see proposition 3.2) .
Some applications to stochastic process are given. Recall that a discrete stochastic process is a sequence of random variables on a probability space. A stochastic process is said to be stationary if its finite dimensional distributions is invariant under translations of the time. We consider a special class of stochastic processes called approximately weakly stationary and they were introduced by Strandell in [4] . For this type of processes we prove the existence of a bistationary process associated to some approximately weakly stationary process (see Proposition 3.9). We also show that under certain conditions for equivalent process we have a duality result (see Proposition 3.10 ).
This paper is organized as follows. In Section 2 we summarize some wellknown results about Riesz basis, biorthogonal systems, positive operators in Hilbert spaces and some properties of positive definite kernels. In Section 3 we show the main results. First of all, we proof a version of biorthogonal systems and a dual relation for the case of positive definite biequivalent kernels. After that, in Subsection 3.1 we give an application to stochastic processes. We show a dual relation for stochastic processes by means of their corresponding covariance kernels.
Preliminaries
Next, we summarize some well-known results about positive operators, Riesz basis and biorthogonal systems in Hilbert spaces. The purpose of this section is to fix notations. Form now on, (H, ·, · ) denotes a Hilbert space. For more details, see, for instance, [1, 2, 3, 5] . Definition 2.1. An operator T ∈ B(H) is said to be positive if T = T * and T x, x ≥ 0 for all x ∈ H. Proposition 2.2. Let T ∈ B(H) be positive on H such that A x, x ≤ T x, x ≤ B x, x for every x ∈ H for some 0 < A ≤ B. Then T is invertible and
x, x for all x ∈ H. Definition 2.3. A basis {x n } n∈N for H is said to be a Riesz basis if there exists a a bounded invertible operator T : H → H such that T e n = x n , for n ∈ N and some orthonormal basis {e n } n∈N of H.
Definition 2.4. Let {x n } n∈N , {y n } n∈N be families of vectors in H.
(a) {x n } n∈N is said to be complete in H if span{x n } n∈N = H.
(b) {x n } n∈N and {y n } n∈N are called biorthogonal if x n , y m = δ nm for all n, m ∈ N.
Proposition 2.5. [5, Theorem 9] The sequence {x n } n∈N is a Riesz basis for H if and only if the sequence {x n } n∈N is complete in H and there exist constants 0 < A, B, such that for any sequence of scalars a = {a n } n∈N with finite support
Proposition 2.6. Let {x n } n∈N be a Riesz basis for H. Then there exists a unique Riesz basis {y n } n∈N in H such that
Furthermore, {x n } n∈N and {y n } n∈N are biorthogonal. i.e.
Remark 2.7. (a) The family {y n } n∈N in Proposition 2.6 such that (2.1) holds is the so-called dual Riesz basis of {x n } n∈N .
(b) Let {e n } n∈N be an orthonormal basis for H and T be a unitary operator on H. Then the family {x n } n∈N = {T e n } n∈N is a orthonormal Riesz basis for H and it coincides with its dual basis. In fact, x n , x m = T * x n , T * x m = e n , e m = δ nm .
Example 2.8. Let (R 2 , ·, · ) be the usual Hilbert space and β 1 = (1, 0),
). Then the family {β 1 , β 2 } is a nonorthogonal basis for R 2 and for every α = (a, b) = (0, 0) it follows that α = α, β 1 β 1 + α, β 2 β 2 . On the other hand, let
The following result is proposed by Young in [5, Section 8] and it plays an important role in this paper.
Proposition 2.9. Let {x n } n∈N be a Riesz basis for H and let {y n } n∈N be biorthogonal to {x n } n∈N . Then for every x ∈ H there exist positive constants A, B such that
The following dual relation holds
Proof. Let {x n } n∈N be a Riesz basis for H. Then by Proposition 2.6 there exists a unique Riesz basis {ỹ n } n∈N such that the identity (2.1) holds. In particular, if x = y m , m ∈ N, then by (2.2) we have y m =ỹ m . i.e. the family {y n } n∈N is the dual Riesz basis of {x n } n∈N . Now, by Definition 2.3 there exists a bounded invertible operator T such that T e n = x n , n ∈ N for some orthonormal basis {e n } n∈N of H. Therefore by (2.1) one has for every x ∈ H
Thus, T −1 x = n∈N x, y n e n for every x ∈ H and hence
On the other hand, by (2.3) for every x ∈ H
The statement holds taking A = T −1 −2 and B = T 2 in (2.4) and (2.5). Now, to prove the dual relation let x ∈ H. Then
By (2.1) and the Cauchy-Schwarz-Bunyakovsky inequality we have
Since x ∈ H was arbitrary, the dual relation holds by (2.6) and (2.7).
Next, we shall recall some basic notions and results on positive definite and equivalent kernels, for more details, see for instance, [1] .
Definition 2.10. A kernel K : Z × Z → C is said to be positive definite if m,n∈Z K(n, m) a m a n ≥ 0 for every sequence with finite support {a n } n∈Z ⊂ C.
Definition 2.11. A kernel K : Z × Z → C is said to be Toeplitz if there exists a sequence τ : Z → C such that K(n, m) = τ (n − m) for every m, n ∈ Z. The sequence τ is positive definite if the corresponding Toeplitz kernel is positive definite.
Let K : Z × Z → C be a positive definite kernel and let E 0 be the space of all sequences {a n } n∈Z ⊂ C with finite support. Then the function ·, · :
is a sesquilinear form that is positive definite and possibly degenerate on E 0 .
Denote by H K the completion of E 0 /{x ∈ E 0 : x, x = 0} and by ·, · H K , · H K the scalar inner product and its corresponding generated norm respectively. This norm is called the induced norm by the kernel K.
The corresponding equivalence class to the element
Definition 2.12. The positive definite kernels K 1 , K 2 : Z × Z → C are said to be equivalent if the corresponding induced pre-Hilbert norms · H K 1 and · H K 2 on the space E 0 are equivalent.
Then the following conditions are equivalent:
(ii) The linear mapping Φ :
for every n ∈ Z is bounded and bijective with bounded inverse.
(iii) There exist positive constants A ≤ B such that for all {a n } n∈Z ∈ E 0 A m,n∈Z
Results and Discussion
In this section we show our main results. First of all, we consider positive definite biequivalent kernels and its dual relations. Theorem 3.1 is a version of biorthogonal system for the case of positive definite kernel and it is similar, in the case of stochastic processes, to one given for Strandell in [4] . After that, we give some applications to approximately weakly stationary stochastic processes (Theorem 3.5, Proposition 3.9 and 3.10).
Theorem 3.1. Let K 1 , K : Z × Z → C be equivalent definite positive kernels. Then there exists a unique positive definite kernel
Furthermore, the kernel K 2 is equivalent to K 1 . In this case it is said to be that (K 1 , K 2 ) is a pair of biequivalent positive definite kernel with kernel K.
Proof. By Proposition 2.13 there exists a bounded invertible operator Φ :
Finally, to show the uniqueness, let K 3 be a positive definite kernel such that [δ (m) ] K 3 ∈ H K 1 which also satisfies (3.1). Then for any fixed
Next, we state a dual relation for is equivalent definite positive kernels and it is similar to the dual relation for Riesz bases given in Proposition 2.9. Proposition 3.2 (dual relation). Let K 1 , K : Z × Z → C be equivalent definite positive kernels and let K 2 : Z × Z → C be a positive definite kernel with
Furthermore, one has for every {a n } n∈Z ∈ E 0 the following relation dual
Proof. By Proposition 2.13 there exist positive constants A ≤ B such that (3.3) holds for all {a n } n∈Z ∈ E 0 . Now, we show the dual relation. By the equivalence of K 1 and K, there exists a bounded invertible operator Φ :
K for all n ∈ Z by Proposition 2.13. Due to Φ is a bounded and invertible operator its adjoint operator Φ * is also bounded and invertible. Next, We claim that
thus by replacing in (3.3) we have that A x
. Since x ∈ H K was arbitrary, one gets that the linear operator (ΦΦ * ) −1 is positive and by Proposition 2.2 we have
K 2 (n, m) a m a n .
Applications to stochastic processes
Let (Ω, F, P ) be a probability space. The well-known Hilbert space L 2 (Ω, F, P ) will be denoted by L 2 (P ). Let X = {X n } n∈Z be a stochastic process. From now on, we consider X n ∈ L 2 (P ) and E(X n ) = 0 for every n ∈ Z. Let
The kernel associated to the process is their positive definite covariance kernel
Definition 3.3. The process {X n } n∈Z is said to be weakly stationary if E(X m X n ) = τ (m − n) for all n, m ∈ Z for some sequence τ : Z → C. i.e., the kernel associated to the process is Toeplitz.
and there is a bounded and invertible operator ψ : G → G such that ψX n = Y n for all n ∈ Z. Theorem 3.5. Let X = {X n } n∈Z be a stochastic process and K : Z × Z → C be the covariance kernel associated to X. Then there exists a unitary operator Φ :
Proof. Let Φ 0 : E 0 /{x ∈ E 0 : x, x = 0} ⊂ H K → H(X) be the linear mapping given by Φ 0 ([ n∈Z a n δ (n) ] K )= n∈Z X n a n , where {a n } n∈Z ∈ E 0 . Then, one has
i.e., Φ 0 is an isometric operator. Thus, Φ 0 can be extended to a unitary operator Φ :
Corollary 3.6. . Let X = {X n } n∈Z and Y = {Y n } n∈Z be stochastic processes in L 2 (P ) and let K 1 and K 2 be their respective covariance kernels. Then X and Y are equivalent if and only if K 1 and K 2 are equivalent.
Proof. By Theorem 3.5 there exist unitary operators Φ 1 :
If X and Y are equivalent then H(X) = H(Y ) = G and there is a bounded and invertible operator ψ : G → G such that ψX n = Y n for all n ∈ Z. Now, let ϕ : H K 1 → H K 2 be the bounded and invertible linear operator given by ϕ = Φ −1
for all n ∈ Z and by Proposition 2.13 the kernels K 1 and K 2 are equivalent. The conversely follows almost literally as above.
Next, we discuss some aspects of covariance functions. We denote by F the set of all functions τ : Z → C such that there exist a weakly stationary process in L 2 (P ) which has τ as its covariance function. Moreover we denote by F(r), r ∈ N or r = ∞, the set of all functions τ ∈ K such that there exist a weakly stationary process and total in a subspace of dimension r of L 2 (P ), which has τ as its covariance function. 
The following result characterize the approximately weakly stationary processes in terms of the covariance kernel, see [1, Lemma 16] .
Lemma 3.8. Let X = {X n } n∈Z be a stochastic process on L 2 (P ). Then the process is approximately weakly stationary if and only if the covariance kernel K of the process X is equivalent to a positive definite Toeplitz kernel.
Let F(r, X) the set of functions τ ∈ F(r) such that there is a weakly stationary process S equivalent with X which has τ as its covariance function. As applications of our results we prove the following result which is an analogue of Proposition 2.3 in [4] . Proposition 3.9. Let X = {X n } n∈Z be an approximately weakly stationary stochastic process. Then for any τ ∈ F(r, X) there a unique stochastic process
The process Y is also approximately weakly stationary and equivalent to X and from now on we say that X and Y are bistationary with covariance function τ .
Proof. Let τ ∈ F(r, X). Then denote by S = {S n } n∈Z the weakly stationary stochastic process with covariance kernel K(n, m) = cov (S m , S n ) = τ (n − m), for all m, n ∈ Z. If K 1 be the covariance kernel of X, then S and X are equivalent since τ ∈ F(r, X). Therefore, K 1 and K are equivalent by Corollary 3.6. Now, by Proposition 3.1 there exists a unique positive definite kernel K 2 :
By the equivalence of K 1 and K 2 , there exists an bounded invertible operator ψ :
Since K 2 is unique, we also have that Y is unique. Furthermore, due to K 2 and K 1 are equivalent, Y and X are equivalent by Corollary 3.6. Proposition 3.10. Let X = {X n } n∈Z and Y = {Y n } n∈Z be equivalent stochastic processes in L 2 (P ) and let Z = {Z n } n∈Z be a stochastic process in H(X) which satisfy X n , Z m L 2 (P ) = Y n , Y m L 2 (P ) , for all m, n ∈ Z. Then, there exists positive constants A ≤ B such that for every {a n } n∈Z ∈ E 0 A n∈Z a n Y n 2 L 2 (P ) ≤ n∈Z a n X n 2 L 2 (P ) ≤ B n∈Z a n Y n 2 L 2 (P ) .
(3.7)
Furthermore, one has the following dual relation
Proof. Let K 1 and K be the covariance kernel associated to X and Y respectively. By the equivalence of X and Y we have by Corollary 3.6 that the kernels K 1 and K are equivalent. Thus, it follows by Proposition 3.1 that there exists a unique positive definite kernel
for every m, n ∈ Z. Now, by Proposition 3.2 there exist positive constants A ≤ B such that A n,m∈Z K(n, m)a m a n ≤ n,m∈Z K 1 (n, m)a m a n ≤ B n,m∈Z K(n, m)a m a n 1 B n,m∈Z K(n, m)a m a n ≤ n,m∈Z K 2 (n, m)a m a n ≤ 1 A n,m∈Z K(n, m)a m a n for every {a n } n∈Z ∈ E 0 . Therefore, if K 2 (m, n) = Z n , Z m L 2 (P ) for all m, n ∈ Z, then the statement holds since n∈Z a n Y n 2 L 2 (P ) = m,n∈Z K(n, m) a m a n , n∈Z a n X n 2 L 2 (P ) = m,n∈Z K 1 (n, m) a m a n and n∈Z a n Z n 2 L 2 (P ) = m,n∈Z K 2 (n, m) a m a n .
